Two numerical methods are used to evaluate the relativistic spectrum of the two-centre Coulomb problem (for the H + 2 and Th 179+ 2 diatomic molecules) in the fixed nuclei approximation by solving the single particle time-independent Dirac equation. The first one is based on a min-max principle and uses a two-spinor formulation as a starting point. The second one is the Rayleigh-Ritz variational method combined with kinematically balanced basis functions. Both methods use a B-spline basis function expansion. We show that accurate results can be obtained with both methods and that no spurious states appear in the discretization process. *
I. INTRODUCTION
There has been a strong interest in the solution of the time-independent Dirac equation in the last few decades motivated mostly by new advances in molecular and nuclear physics.
More recently, the fields of laser-matter interaction and optics have also considered this equation because new developments have led to experimental facilities reaching laser intensities above 10 20 W·cm −2 [1] . The mathematical description of an electron subjected to such intense electromagnetic fields necessitates a relativistic treatment [2] [3] [4] and thus, theoretical efforts should be based on the Dirac equation instead of the non-relativistic Schrödinger equation.
It is well-known that finding a solution of the Dirac equation is very challenging because it has an intricate matrix structure. This complicates analytical approaches and closed-form solutions can be found only for highly symmetric systems. For this reason, a numerical treatment is required to study more realistic physical processes occurring in molecules or heavy ion collisions. However, the development of an accurate numerical approach is also difficult because the Dirac spectrum is not bounded from below (and above). This precludes the "naive" generalization of well-known methods used to solve the Schrödinger equation such as the Galerkin or Rayleigh-Ritz methods. These are based on minimization principles and thus, work rigorously only if the spectrum of the differential operator has a lower (or upper) bound. Trying to solve the Dirac equation with these methods can thus be very dangerous as the Dirac spectrum can be altered by negative energy contributions. This problem is named the "variational collapse" and leads to the appearance of spurious states in the approximated spectrum. The spurious states are eigenvalues which do not belong to the spectrum of the continuous operator and which appear in the discretization process.
More precisely, let λ be an eigenvalue of the Dirac operatorĤ in the mass gap (−mc 2 , mc 2 ) (corresponding to bound states) and σĤ be its point spectrum in the mass gap, that is the set of all λ's. Numerically, we approximate the operatorĤ byĤ n such that lim n→∞Ĥn =Ĥ (here, n is the dimension of the subspace on which the operator is projected or, loosely speaking, the dimension of the Dirac operator matrix once the problem is discretized). The discretized Dirac operatorĤ n has eigenvalues given by λ n ∈ σĤ n . The set of spurious states σ sĤ n ⊂ σĤ n is defined by the set of all eigenvalues in σĤ n for which lim n→∞ λ n / ∈ σĤ .
There have been many successful attempts in the literature to circumvent variational collapse by adapting minimization techniques and basis set expansions to the Dirac operator [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Usually, these techniques can be classified into one of three main categories [12] : modification of basis functions, utilization of an operator that has a lower bound but the same spectrum as the Dirac operator and transformation of the Dirac operator. The methods utilized in this work fall into the first and third categories; they are the Rayleigh-Ritz method with kinematically balanced basis functions [11, [14] [15] [16] and the variational method based on a min-max principle [17, 18] .
The discretization of the Dirac equation in these two cases proceeds by the utilization of a basis set expansion which allows, in principle, a very good accuracy. These techniques have been exploited extensively in the non-relativistic case to solve the time-independent Schrödinger equation [19] and allow making accurate predictions for the non-relativistic spectra of molecules and for other observables. In this work, a B-spline set of basis functions will be utilized. This choice is motivated by some interesting properties of B-splines: they have compact support (leading to sparse matrix structures), they are very flexible in terms of element size and continuity conditions (both are determined by their knot vector), they are positive definite and finally, they are linearly independent (they form a complete basis).
For these reasons, B-splines have also been widely applied to the non-relativistic (see [20] for a review on the use of B-spline in molecular physics) and to the relativistic [18, [21] [22] [23] [24] cases. Here, we combine B-spline basis functions with the two numerical schemes described previously.
We use these methods to investigate two particular systems: the diatomic molecule H . This is accomplished by computing the relativistic spectrum of the two-centre Coulomb problem in the fixed nuclei approximation. The rationale for studying these systems is twofold. First, they are physically relevant in many fields of physics. The molecule H + 2 is very important in chemical physics and its relativistic corrections, albeit very small, have been the subject of many studies [25] [26] [27] [28] [29] . On the other hand, the quasi-molecule Th is not stable and dissociates rapidly. However, it is pertinent in heavy ion collisions at intermediate energy, where processes such as charge transfer and electron-positron pair production are investigated [30, 31] , and in high intensity laser-matter interaction, where pair production and Quantum Electrodynamics (QED) processes could be enhanced in the presence of heavy nuclei [32] .
The second reason to look at these systems is that their ground state eigenvalue has already been computed and thus, the numerical results obtained from our analysis can be compared to results from the literature. More precisely, they have been studied using different analytical [33, 34] and numerical approaches such as the Rayleigh-Ritz scheme [24, 26, 28, 29, 35, 36] , the variational scheme based on the min-max principle [18] and finite difference methods [25, 27] . Very accurate results for the ground state of diatomic molecules were obtained in these analyses. However, the whole spectrum is rarely discussed (an exception to this is found in [37, 38] ) and some of these methods (especially those based on the "naive" Rayleigh-Ritz method) could potentially lead to the appearance of spurious states. For instance, this problem was discussed in [24] and a technique for identifying these artifacts was described. However, this can be cumbersome when one is interested in sums over intermediate states such as those required in radiative QED corrections. For these calculations, it is certainly more efficient to have a numerical scheme free from spurious states from the outset.
In this work, we are presenting and comparing two numerical methods that use a Bspline basis set expansion to compute the relativistic spectrum of the two-centre problem.
The first one is the min-max variational method. The second one is the Rayleigh-Ritz method combined with kinematically balanced basis function. In Section II, the variational formulation of both numerical methods is presented and the choice of basis functions is described. The numerical results are displayed in Section III where some values for the spectra of diatomic molecules are shown along with a discussion of spurious states. The conclusion is found in Section IV.
II. NUMERICAL METHODS
The Dirac equation describes the relativistic dynamics of spin- 
whereĤ is the Hamiltonian operator, p = −i∇ is the momentum operator, c is the light velocity, m is the electron mass, E is the electron energy and ψ ∈ L 2 (R 3 , C 4 ) is a four-spinor.
The matrix structure is given by α and β which are four by four matrices given by
where σ i are the usual Pauli matrices. The latter are
Written in this way, the Dirac equation is in the Dirac representation. This equation gives a consistent description of single bound electrons within the fixed nuclei approximation, i.e.
when the effect of the nuclei is included in the potential term V and the nuclei are fixed in space. This is valid when the masses of the nuclei are much larger than the mass of the electron, which will always be the case for the systems considered in this study.
The main goal of this work is to calculate approximate solutions of (1). To achieve this, it is convenient to write the four-spinor as
T where φ(x) and χ(x) are two bi-spinors called the large and small components, respectively. The Dirac equation then
where we definedR = −icσ · ∇. This last equation is the common starting point for the numerical methods that follow. As will be seen later, it is also handy to decompose the latter into two coupled equations aŝ
The small component can then be written in terms of the large component, yielding
By substitution, we get
for the large component, which belongs to φ ∈ L 2 (R 3 , C 2 ). Note here that the latter procedure can also be implemented as a Foldy-Wouthuysen transformation [40] . These two relations will be important for the analysis that follows.
For a diatomic molecule, the case considered in this study, the static potential is
where Z 1,2 are the atomic electric charges, 2R is the inter-atomic distance andẑ is a unit vector in the z-coordinate direction. It represents the static Coulomb interaction of two point-like nuclei with an electron in the fixed nuclei approximation. This potential is axially symmetric so the number of dimensions can be reduced by one: the azimuthal coordinate dependence can be treated analytically by factorization. Thus, the four-spinor in cylindrical symmetry reads [29, 41] 
where j z is the angular momentum projection on the z-axis (it can take one of the values
, ...) and η, ξ are prolate spheroidal coordinates. This choice of coordinate system is very convenient for the numerical implementation because the Coulomb singularities are situated on the domain boundaries. Also, it has already been utilized in accurate evaluation of the diatomic ground state energy in the relativistic [28, 29] and nonrelativistic [42] [43] [44] cases. For these reasons, these coordinates will be used throughout this work even though it was argued in [24] that Cassini coordinates could provide slightly more accurate results. The prolate spheroidal coordinates are defined as
where ξ ∈ [1, ∞), η ∈ [−1, 1] and θ = [0, 2π] (azimuthal angle). The Coulomb potential in these coordinates becomes
We can now start discussing the numerical methods utilized in this work to calculate the spectrum of diatomic molecules.
A. Min-max method
The first method described in this work was developed in [17, 18, [45] [46] [47] and is a weak formulation for operators with gaps in their spectrum. The main idea is to find the critical points of the Rayleigh-Ritz coefficient by using a min-max principle. More precisely, it was rigorously proven that the sequence of values defined by [45] λ k = inf
give the actual eigenvalues ofĤ in the mass gap, if certain assumptions are fulfilled (for instance, the first eigenvalue should obey λ 1 > −mc 2 and the potential V should be Coulomblike). Here, 
In this setting, the maximization is performed exactly by the relation (7) which relates the large and small components [45] . Then, only the minimization remains and this step is carried out numerically.
The latter can be performed by minimizing the energy over any couple (E, φ) obeying the functional equation given by
This functional equation is obtained from (7) and (8) by multiplying the latter by φ † on the left, by integrating on space (using integration by parts) and by using the divergence theorem. Also, the wave function should vanish faster than ∼ 1 r 2 at infinity. This is the case when V is a Coulomb-like potential because the corresponding wave function vanishes as φ ∼ e −r when r → ∞ [48] .
Therefore, the last equation gives a realization of the min-max principle. Moreover, it is shown from the preceding procedure that it predicts the same spectrum in the mass gap (−mc 2 , mc 2 ) as that of the Dirac equation [17, 18, [45] [46] [47] . This formulation also allows discretization schemes that use a basis function discretization without "variational collapse": the calculated energy spectrum is bounded in the mass gap and does not fall into the negative energy continuum. Finally, spurious states does not appear in the calculated spectrum without adding any additional conditions [17] , making for a very robust numerical method.
In the following, we describe the discretization of (17) by using a set of basis functions.
Basis set expansion
The discretization of (17) with the potential in (9) proceeds by expanding the wave function over a set of basis functions. Thus, the bi-spinor can be written as
where a
(1,2) n are the basis expansion coefficients and B
(1,2) n (ξ, η) are the basis functions (to be defined later), for components 1 and 2, respectively.
The explicit expression of (17) in discretized form depends on the potential considered, on the coordinate choice and is a complicated functional of basis functions (some examples can be found in [17, 18] ). The equation A[E, φ] = 0, once discretized, generally has the form
where A(E) is now a matrix, Λ k (E) is its k'th eigenvalue and
its eigenvector. For cylindrically symmetric systems expressed in prolate spheroidal coordinates, the case considered in this study, A(E) becomes a 2N × 2N matrix having the following structure:
where A 11 , A 22 and A 12 are N × N matrices for which explicit expressions can be found in Appendix A.
Therefore, solving the non-linear (A(E) depends on the energy E) eigenvalue problem (19) gives an approximation of the energy E and eigenfunctions: the energy of the k'th bound state is a solution of Λ k (E) = 0 where Λ k is the k'th eigenvalue of A(E) while wave function coefficients in the basis expansion are the A(E) matrix eigenvector coefficients. It can easily be demonstrated that Λ k (E) are monotonically decreasing functions [18] which implies that they have only one root, i.e. only one value of E = E root for which Λ k (E root ) = 0.
This problem can thus be solved by iteration or any other root finding algorithm.
B. Rayleigh-Ritz method
The Rayleigh-Ritz method is well-known and has been studied extensively for both the relativistic and non-relativistic cases (see [11, 14] for instance). Starting from (4), we can multiply by ψ † on the left and integrate on space to get another functional equation given by
which is just an explicit way of writing the well-known Rayleigh-Ritz functional equation H = ψ|Ĥ|ψ / ψ|ψ . The notation (·|·) stands for the Hermitian inner product. In the following, we define two operators C and S by
A numerical scheme can be developed from these equations by discretizing the wave function over a set of basis functions.
For a bounded operator (like the Schrödinger operator), the best estimate for the eigenpairs is obtained by a minimization procedure because the Rayleigh-Ritz quotient forms an upper bound for the eigenenergy E (if the spectrum is bounded from below). Moreover, it can be shown that the minimum of the quotient converges towards the exact eigenpair as the number of basis function N → ∞ (see [11] and references therein). If the operator is not bounded, as in the case of the Dirac equation, the quantityH does not necessarily form an upper bound, although it is still a stationary point (as seen in the previous section, the eigenvalues can actually be characterized by a min-max principle). For this reason, the convergence of this approach is not guaranteed because the stationary point is a saddle point, and spurious states may appear. Therefore, a modification of the method is required to improve the convergence. The strategy we are using in this paper is the Kinematically Balanced Basis functions (KBBF) described in the next section.
Basis set expansion
The discretization of (22) is very similar to the one in the last section and proceeds by expanding the wave function over a set of basis functions. In this case, one writes the bi-spinors as
(1,2) n (ξ, η), X
(1,2) n (ξ, η) are the basis functions (to be defined later), for components 1 and 2, respectively. In the naive Rayleigh-Ritz method, the basis functions for both spinors are the same, that is X
Substituting (25) and (26) in (22), we obtain a generalized eigenvalue problem in the form of
where the generalized eigenvector a = [a
n , a
1 , ..., a
n , c
1 , ..., c
n ] contains the basis function expansion coefficients. Finding the solution of this last equation corresponds to an extremization on the trial function parameters (a become 4N × 4N matrices having the following general structure
where the matrices C In the KBBF technique, a special choice of basis functions is made: the basis for the large and small components are related by a transformation guaranteeing that the non-relativistic equation is recovered in the limit c → ∞. This is achieved by considering the relation between the small and large component given in (7) . Substituting (25) in the latter, we get
Note here that substituting this equation in the Rayleigh-Ritz coefficient allows recovering the min-max method and its discretization scheme described in the last section. Then, the eigensolutions have to be calculated by using an iteration procedure because the functional has an intrinsic dependence on the eigenenergy. This is circumvented by neglecting the space dependence of the potential over the support of each basis function and redefining the basis expansion coefficients as
where V n is a constant coefficient representing the contribution of the potential on the support of the basis function n. Thus, we obtain
n B
(1)
where the factor 1/2mc 2 was included for numerical convenience (it also allows to recover the non-relativistic limit exactly if the energy is shifted by mc 2 ). In some sense, the eigenenergy and space dependence of the prefactor 1/(E + mc 2 − V ) is encoded in the coefficients c
No iteration procedure is required as in the min-max method but the eigenvalue problem is larger. Also, the relation between the small and large components is only approximate because the constants c
(1,2) n have neither energy nor space dependence. However, we expect this relation to converge toward the exact one as the number of basis functions is increased and their support decreases. In that case, neglecting the spatial variation of the potential becomes a better approximation. In the limit N → ∞, we have
where f (ξ, η) is a bi-spinor. This implies that in the KBBF, the extremization of the Rayleigh quotient is performed on f (ξ, η) rather than on χ(ξ, η) as in the "naive" RayleighRitz method. The former is consistent with the min-max principle exposed previously and the stationary point (or Euler-Lagrange equation) is given bŷ
This equation can also be obtained from a unitary transformation of the Dirac equation [12] . Therefore, in the continuous limit, the exact solution is recovered from the min-max principle, which establishes that the two approaches are consistent with each other in that limit.
Explicitly, the basis function expansion is given in prolate spheroidal coordinates by (here, we dropped the basis function argument for simplicity)
where ∂ r and ∂ z are given in (A4) and (A5) respectively, while
These last expression were obtained by expressing the operatorR explicitly in prolate spheroidal coordinates.
Substituting (36) to (38) in (22), we also obtain a generalized eigenvalue problem in the form of (27) . In this case, the matrix structure is
11 C
(2) 12 
and explicit expressions can be found in Appendix C. The matrix C and S are 4N × 4N matrices while the other components (C (1,2,3) ij and S
(1,2) ij ) are N × N matrices. The analytical analysis of convergence of this method and the proof that it does not have spurious solutions is clearly a non-trivial matter but was discussed in [11] for the L-spinors basis functions. In our case, these properties will be verified empirically by looking at the numerical results while a careful analysis of the method is currently under investigation.
C. Basis functions
Throughout this work, B-spline basis functions are used (a description of these functions can be found in [20] ). This choice is favored over other techniques because it can be easily implemented and because B-splines have compact support, leading to sparse matrix structures. This allows using powerful numerical routines for the calculation of eigenvalues.
More important is the fact that B-splines are linearly independent and form a complete basis, which is a necessary condition for the convergence of the Rayleigh-Ritz method for both eigenenergies and eigenfunctions ( [11] and references therein). It is also an important requirement to avoid errors of order 1/c 4 in the Rayleigh-Ritz bounds which may induce spurious states in certain circumstances [5] .
B-splines basis functions have been studied extensively for solving the time-independent Dirac equation because of these important properties. However, most of these studies considered atoms or atomic-like systems [18, [21] [22] [23] , although recently, they were used for diatomic molecules [18, 24] .
B-splines are fully determined by their order k ξ,η and knot vector using the iterative formula [20, 49] 
and initial conditions
where t i 's are knot coordinates. The number of knots at a given coordinate determines the continuity condition at that point. Therefore, the number of knots should be maximal at singular points (at the Coulomb singularity position for instance) to allow for a discontinuous behavior of the wave function. Throughout this work, the knot vectors are given by the
Here, n ξ,η are the number of spline functions in ξ and η coordinates, respectively. The knot coordinates can be chosen arbitrarily in the domain under consideration. However, to improve accuracy, an exponential sequence with smaller intervals close to the singularities is used in this study. The knot sequences and domain structure for diatomic molecules are depicted in Figure 1 .
The basis function can then be written as the tensor product of B-spline functions as
where
The overall factor is defined as [28, 29] 
This factor accounts for the angular momentum dependence (remember that j z is the angular momentum projection on the z-axis). Moreover, it allows having well-defined integrals in the functionals, allowing a better convergence of the method. 
D. Details of the calculation
The construction of the matrices appearing in the two numerical methods involves several integrals extending over the whole domain. However, because B-splines are compact, the integration domains are reduced to the support of each basis function, which are regions having k ξ × k η elements or less. The integrals are evaluated numerically using the GaussLegendre quadrature rule.
The boundary conditions are chosen as φ(ξ max , η) = 0 and χ(ξ max , η) = 0. Using Bsplines, this can be implemented easily by setting b n ξ (ξ) = 0 and by considering only n ξ − 1 B-spline functions in ξ coordinates. The other boundaries are free. Strictly speaking, these boundary conditions may lead to some numerical problems because of the occurrence of the Klein paradox [21] : they correspond to the confining of the electron in a box surrounded by an infinite potential barrier at ξ = ξ max . However, similar conditions have been used successfully in [28, 29, 36 ] to obtain very accurate results. Also, it was argued in [18, 22] that using these zero boundary conditions have negligible effects on the solution if the domain is large enough.
The boundary conditions on the nuclei are more subtle. It is argued in [50] that B-spline basis expansion are plagued with non-physical solutions related to a wrong treatment of these boundary conditions. A remedy to this problem is also proposed but it is not clear to us how this technique can be applied to the diatomic molecule case. However, it is verified a posteriori by looking at the spectrum that our boundary conditions does not induce spurious states.
The code performing the calculation is parallelized by using the domain decomposition strategy described in [51] . For better performance, the ScaLAPACK library is utilized to solve the eigenvalue and generalized eigenvalue problems. In the Rayleigh-Ritz method, the latter yields the whole energy spectrum and eigenfunction in one calculation. For the min-max method, only one eigenenergy can be calculated at a time because each evaluation necessitates a solution of Λ k (E) = 0. The latter is solved by a root-finding algorithm based on Brent's method [52] .
III. RESULTS AND DISCUSSION
In this section, the results obtained for both numerical methods are presented. First, the convergence of the method is analyzed. Then, the spectra of diatomic molecules are presented and finally, the absence of spurious states is discussed.
A. Convergence of the method
In this section, we are investigating the convergence of our numerical methods. More specifically, we study and calculate the ground state of dithorium (Th ≈ 0.011111 a.u. for dithorium and to R ≈ 1.000 a.u. for dihydrogen while the angular momentum is taken as j z = 1/2. The results for the calculation of the ground state binding energy using B-splines of order 7 and different mesh sizes are shown in Table I In all cases, the convergence is from above suggesting that both methods are consistent with the min-max principle. The convergence in the case of dithorium however is much slower than for dihydrogen. One possible reason explaining this discrepancy is the behavior of B-splines close to the Coulomb singularities. In that region, the wave function should behave like ψ ∼ r
(obtained in atomic calculations) where
and r 1,2 are the distances from nuclei 1 and 2. In ground state calculations, we have j z = 1/2 and thus, 0 < γ 1,2 < 1 for Z 1,2 < 137. Therefore, the wave function has a non-integer powerlaw behavior close to the singularity. The B-spline basis functions, being polynomial with integer powers, are unable to reproduce exactly this feature. Moreover, we have that
γ Th ≈ 0.568664 and ψ ∼ r
where γ H,Th are the gamma associated with a hydrogen and thorium atom. It is clear from this that the behavior of the wave function is much closer to a power law for dihydrogen and therefore, is better reproduced by the B-splines and also, has a faster convergence.
One possible cure to this is to use another prefactor in the basis function that captures the correct behavior. For instance, it was proposed to multiply the basis functions in (45) by [28, 29, 36 ]
with
The main issue with this technique is that derivatives in the functionals become singular at the nuclei position. To cope with this, a singular coordinate transformation can be performed that allows transforming the singular non-integer behavior near the nuclei to a polynomial approximation [28, 36] . The latter can then be fitted more accurately with a polynomial basis function. We do not implement this technique here as the goal of this paper is not to achieve the most accurate value of bound state energies. However, it can be done in principle and could improve the convergence of the numerical method. 
B. Spectra of diatomic molecules
In this section, the spectra of dihydrogen and dithorium are presented. They are shown in Tables III and IV only. The results of the dithorium spectrum can be compared to the ones in [37] . Both are generally in good agreement, although a small discrepancy can be seen for the higher excited states.
In the Rayleigh-Ritz method, the n binding bound state energies shown in Tables III and IV correspond to the 2N +1 to 2N +1+n binding eigenvalues of the matrix C (once the eigenvalues are ordered in increasing order). The other eigenvalues can be associated to the "discretized"
negative (the first to the 2N'th eigenvalues) and positive (the 2N + 2 + n binding 'th to the 4N'th eigenvalues) energy continua. For the min-max method, the bound state energies shown corresponds to the solution of Λ k (E) = 0 for the n binding lowest energy eigenvalues.
For the diatomic molecules considered, the spectra calculated with both methods are in very good agreement. The small discrepancy remaining is mostly due to the use of different mesh sizes.
The convergence of the excited states is very similar to one of the ground state: all values are approached from above and the order of convergence is close to the one of the ground state. The same is true for the states in the positive energy continuum, that is for E ≥ mc 2 .
For the negative energy states, the convergence occurs from below, but otherwise, follows the same trends as the other cases. The energy values in the continua (especially their smallest and largest eigenvalues) depend on the size of the domain. In the dithorium calculation, the domain was smaller which yielded less accurate value in the continua (not shown in the table) but better accuracy of the bound states. In all cases, the eigenvalues of the positive and negative energy continua accumulate at the points mc 2 and −mc 2 , respectively.
C. Spurious states
The results for the spectra of diatomic molecules presented in the last section showed a spurious state in the dithorium spectrum calculated with the naive Rayleigh-Ritz method while the other methods did not. Spurious states usually appear as eigenstates with an energy in the interval −mc 2 < E < E ground because of their highly oscillatory behavior.
This was not observed in the numerical results. Moreover, it was proven mathematically that the min-max method is free from these numerical artifacts [18] . The spectra predicted by the min-max and the Rayleigh-Ritz methods coincides (up to numerical errors), implying that our version of the Rayleigh-Ritz method using kinematically balanced function is also free from these unphysical states.
These last arguments are mainly qualitative. A more convincing approach proceeds by computing the spectrum for an atom (by setting Z 2 = 0) and by comparing to the well-known analytical formula for the atomic binding energy given by [48] E nj = mc
where n is the principal quantum number, j is the angular momentum and
Of course, the numerical methods are not optimized for atomic calculations, but these results, albeit not very accurate, allow showing that no spurious states appear. The results for 
IV. CONCLUSION
In this work, we presented two numerical methods to solve the single particle timeindependent Dirac equation. The first one was based on a min-max variational principle while the second one used a combination of the Rayleigh-Ritz method and kinematically balanced basis functions. For comparison purposes, we also included a description of the naive Rayleigh-Ritz method. All were based on a B-spline basis function discretization which allowed obtaining a high accuracy and a sparse matrix structure in the discretized equations.
We applied these methods to the computation of the two-centre Coulomb problem ground state energy and spectrum. Because of its axial symmetry and simple structure, it was convenient to use prolate spheroidal coordinates. These techniques were used specifically to compute the spectra of the molecule H The two methods have strengths and weaknesses. In terms of computation time, the Rayleigh-Ritz methods were much faster, especially for the computation of the whole spectrum. This happens because in the min-max method, the solution of the eigenvalue equation Λ k (E) = 0 necessitates many iterations (typically between 20 and 30) to obtain a decent accuracy and each iteration requires a solution of the eigenvalue problem. This could be improved somewhat by using an iterative eigensolver optimized for the computation of few eigenvalues. Therefore, if one is only interested in the computation of the first few excited states while using a very large mesh, it may be advantageous to use the min-max method combined with a version of these iterative eigensolvers. In terms of accuracy, both methods yielded very similar results, although the convergence was slightly better for the RayleighRitz method in the dithorium case. This is in contradiction with the conclusion reached in [38] where the min-max method showed much better accuracy. This discrepancy may be explained by a slightly different choice of basis functions (see (33) versus (6) of [38] ).
Nevertheless, the main advantage of the Rayleigh-Ritz method is the fact that it gives the whole spectrum directly from the solution of the generalized eigenvalue problem.
These methods can then be utilized in many applications. Among others, this can be used to investigate relativistic laser-matter interaction: the solution obtained from these methods can be used as an initial condition for the solution of the time-dependent Dirac equation. This will be the subject of future investigations.
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We also have
The last expressions can then be expressed in prolate spheroidal coordinates with (A4), (A5) and (A6).
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